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134 Chapter 3 Annuities (annuities certain)

PAYMENT: 1 1 1 · · · 1

TIME: k k C 1 k C 2 k C 3 · · · k C n k C n C 1

VALUE: an i $an i sn i $sn i

If we want the value of an annuity at some other time, we can multiply these
symbols by an appropriate power of 1 C i. For example, the value of the
above annuity at time �k C 5� is

an i�1 C i�5 D $an i�1 C i�4 D sn i�1 C i�5−n D $sn i�1 C i�4−n.

However, sometimes it is preferable to avoid introducing powers of �1 C i�.
Assuming that the evaluation date is an integral number of payment periods
from each payment date, an alternative is to represent the value as a sum of
two annuity symbols or the difference between two annuity symbols. Exactly
how this is done depends on whether the desired value is before, during, or
after the term of the annuity. We look at an example in each of these cases.

EXAMPLE 3.5.1 The value before the term of the annuity

Problem: On her eighteenth birthday, Latisha receives an annuity that is
to pay $5,000 on her twenty-fifth through thirty-ninth birthdays. Calculate
the value of the annuity on her eighteenth birthday using an annual effective
interest rate of 5%.

Solution If the annuity had payments on Latisha’s nineteenth through
thirty-ninth birthdays, its value on her eighteenth birthday would have been
$5,000a21 .05. But the first six of these payments (those boxed in the figure
below) did not actually take place (and their value is $5,000a6 .05), so the
value of Latisha’s annuity is $5,000a21 .05 − $5,000a6 .05 L $64,105.76354 −
$25,378.46034 L $38,727.3032.

PAYMENT: 1 1 · · · 1 1 1 · · · 1

TIME: 18 19 20 24 25 26 39

TIME 18 VALUE: $5,000a21 .05 − $5,000a6 .05

This difference of present values is very quick to calculate if your calculator
has special buttons to calculate the value of an annuity symbol. (As a historical
note, this would also be an attractive method if you depended on interest
tables for the value of annuity symbols.) Otherwise, it is just as quick to
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Section 3.5 Deferred annuities and values on any date 135

calculate �1.05�−6$5,000a15 .05 L $38,727.3032. Yet another possibility is to
express the value as a difference of two annuity symbols referring to annuities-
due. If we add imaginary payments (boxed in the figure below) on Latisha’s
eighteenth through twenty-fourth birthdays, the value would be $5,000$a22 .05.

These imaginary payments have value $5,000$a7 .05, so the value of the original
annuity is $5,000$a22 .05 − $5,000$a7 .05.

PAYMENT: 1 1 1 · · · 1 1 1 · · · 1

TIME: 18 19 20 24 25 26 39

TIME 18 VALUE: $5,000$a22 .05 − $5,000$a7 .05

.

EXAMPLE 3.5.2 The value after the term of the annuity

Problem: On her eighteenth birthday, Latisha receives an annuity that is to
pay $5,000 on her twenty-fifth through thirty-ninth birthdays. Calculate the
value of the annuity on her fiftieth birthday using an annual effective interest
rate of 5%.

Solution If the annuity had payments on Latisha’s twenty-fifth through fifti-
eth birthdays, its value on her fiftieth birthday would have been $5,000s26 .05.

But the last eleven of these payments did not actually take place, so the value is
$5,000s26 .05 − $5,000s11 .05 L $255,567.2688 − 71,033.93581L $184,533.3333.

PAYMENT: 1 1 · · · 1 1 1 · · · 1

TIME: 24 25 26 39 40 41 50

TIME 50 VALUE: $5,000s26 .05 − $5,000s11 .05

Alternatively, the value is �1.05�11$5,000s15 .05 L $184,533.3333.Again,
a third possibility is to use symbols corresponding to annuities-due. Add in
imaginary payments on Latisha’s fortieth through forty-ninth birthdays, and
find the value is $5,000$s25 .05 − $5,000$s10 .05.

PAYMENT: 1 1 · · · 1 1 1 · · · 1

TIME: 25 26 39 40 41 49

TIME 50 VALUE: $5,000$s25 .05 − $5,000$s10 .05

.
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136 Chapter 3 Annuities (annuities certain)

EXAMPLE 3.5.3 The value during the term of the annuity

Problem: On her eighteenth birthday, Latisha receives an annuity that is to
pay $5,000 on her twenty-fifth through thirty-ninth birthdays. Calculate the
value of the annuity on her thirtieth birthday using an annual effective interest
rate of 5%.

Solution The value of the annuity on her thirtieth birthday is the sum of the
value of the payments already made and the value of the payments yet to be
made. On her thirtieth birthday she receives her sixth payment and she has nine
yet to receive. Thus the value is $5,000s6 .05 C $5,000a9 .05 L $34,009.56406 C
$35,539.10838 L $69,548.67244.Had annuities-due been used, the value would
have the expression $5,000$s5 .05 C $5,000$a10 .05.You could also have calculated

that the value is �1.05�6$5,000a15 .05 L $69,548.67244. .

The annuity of Examples (3.5.1)–(3.5.3) is called a deferred annuity
since there is a wait of more than one payment period for a payment. You
can consider an annuity-immediate as an annuity-due deferred for one period.
You may see the notation w|n$a used to denote the value, w periods before the
first payment, of an annuity that pays 1 each period for n periods. The notation
w|na gives the value, w C 1 periods before the first payment, of an annuity
that pays 1 each period for n periods. With this notation an D 1|n$a D 0|na, and
Example 3.5.1 asks for 7|15$a = 6|15a. Note that the methods of this section can
also be applied to perpetuities, and that in Example 3.4.7, charity C received a
deferred-perpetuity, the value of which we could express as P10|q$a.

In our solutions to Examples (3.5.1) and (3.5.2), we used the important
concept of introducing imaginary payments. As we did in the diagrams of
these solutions, it is our convention that imaginary payments will be indicated
by putting them in boxes. We note that one way of thinking of an imaginary
payment is that at the instant the money is received, an offsetting outgoing
payment is made. This viewpoint is seen in the first solution to the following
example concerning an annuity with nonlevel payments.

EXAMPLE 3.5.4

Problem: Marlene received a gift of a thirty year annuity-immediate on the
day she was born. The annuity pays $1,000 on her first ten birthdays, $2,000
on her next ten birthdays, and $3,000 on the following ten birthdays. (i) If
the nominal rate of interest is 5% convertible quarterly, find the value of the
annuity on the day she was born. (ii) If the value of the annuity on the day she
was born is $25,000 when calculated using an annual effective rate of interest
of j, find j correct to the nearest one-hundredth of a percent.

Solution (i) Since the annuity payments are made annually, we want the
annual effective rate of interest equivalent to i�4� D 5%. This annual effective




